Final Exam — Functional Analysis (WIFA—08)
Monday 9 April 2018, 18.30h 21.30h

University of Groningen

Instructions
1. The use of calculators, books, or notes is not allowed.

2. All answers need to be accompanied with an explanation or a calculation: only
answering “yes”, “no”, or “42” is not sufficient.

3. If p is the number of marks then the exam grade is G = 1 4 p/10.

Problem 1 (6 + 10 + 3 4+ 3 4+ 3 = 25 points)

Assume 0 < wy < 1 for all £k € N and define the following normed linear space:
W = {:c = (21,29, x3,...) : o € K, sup |z|wy < oo}, ||z||w = sup |zg|wy.
keN keN
(a) Prove that || - |[w is a norm on 'W.
(b) Prove that (W, | - ||w) is a Banach space.

(c) Recall the following Banach space from the lecture notes:

> = {:p = (21,29, 23,...) : o € K, sup|zg| < oo}, | %]| 0o = sup |xg|.
keN keN

Show that (> C W and ||z|lw < ||z]|« for all z € £>°.

(d) Assume infgeywy > 0. Prove that £°° ='W and that the norms || - || and || - ||w
are equivalent.

(e) Assume wy = 1/k for all £ € N. Show that the inclusion * C W is strict and
that the norms || - ||oc and || - ||w are not equivalent on .

Problem 2 (4 + 6 + 5 + 5 + 5 = 25 points)

Let (X, ]| - ||) be an infinite-dimensional Banach space over K and let 7' € B(X) be
of the form

Tz = f(z)s,
where f € X' = B(X,K) and z € X are fixed and nontrivial.
(a) Compute ||T]].

(b) Determine all eigenvalues of T.

(c) Show that T" = f(z)" T for all n € N. Turn page for parts (d) and (e).
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(d) Assume that |[A| > ||T’||. Show that

L1 1
N

(e) Determine p(7") and hence o (7).

Problem 3 (5 + 3 + 7 4+ 5 = 20 points)
(a) Formulate the uniform boundedness principle.

Let X and Y be Banach spaces over K and let ) : X x Y — K be a bilinear map,
i.e. linear in the first entry and linear in the second entry. Assume that:

(i) Ve € X I M, > 0 such that |Q(x,y)| < M,||y||Vy € Y;
(ii) Vy € Y 3N, > 0 such that |Q(z,y)| < Ny||z|| Vz € X.
Prove the following statements:

(b) For each nonzero y € Y the functional 7, € L(X,K) defined by T,(z) =
Q(z,y)/llyll is bounded;

(¢) supo |Ty[| < o003
(d) There exists K > 0 such that |Q(z,y)| < K||z||||y|| for all z € X and y € Y.

Problem 4 (3 + 7 + 4 4+ 6 = 20 points)
(a) Formulate the Hahn-Banach Theorem for normed linear spaces.

Let X be a normed linear space, and assume that V' C X is a finite-dimensional
linear subspace. Let {ej,...,e,} be a basis for V.

(b) Show that for each i = 1,..., n there exists f; € X’ such that f;(e;) = ¢;;.

(c¢) Prove that the linear map

P:X—X, Pzx= Zfz(:p)el

i=1
is a projection and bounded.
(d) Prove the following properties:
(i) ker P and ran P are closed;
(ii) ker P Nran P = {0};
(iii)) X = ker P +ran P.

End of test (90 points)
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Solution of problem 1 (6 4+ 10 + 3 4+ 3 + 3 = 25 points)

(a)

Clearly, ||z|lw > 0 for all z € W. If ||z|lw = 0, then |zx|w, = 0 for all £k € N.
Since wy, > 0 it follows that z;, = 0 for all x € W, which means that = = 0.
(2 points)

If e Kand x € W, then

[Az]| = sup [Azywy = sup [Al|zkwe = [Alsup [zx|wr = [A] [|2]|w-
keN keN keN

(2 points)
If x,y € W, then

|z + yllw = sup |z + yi|wy
keN
< sup(|z] + |ye|)wr
keN

< sup |zr|wi + sup |wr|wy, = [|z|lw + [[y]lw-
kEN keN

(2 points)

Solution 1. Let x™ be a Cauchy sequence in W. Let ¢ > 0 be arbitrary, then
there exists N € N such that

mn>N = |2"—2"||w<e
or, equivalently,
m,n>N = |z —af|lwy <e forall keN. (1)
This shows that for fixed & € N the sequence (z}) is a Cauchy sequence in K.
(2 points)

Since K is complete there exists x; € K such that 2} — x5, as n — co. Now we
define = = (21, 9, x3, ... ) and show that x € W and ||2™ — z|jw — 0 as n — oo.
(2 points)

Letting m — oo in equation (1) and using the fact that inequalities are preserved
under taking limits gives
n>N = |op—azplw <e foral keN,
or, equivalently,
n>N = |2"—z|w<e¢, (2)

which indeed shows that 2™ — xz in 'W.
(3 points)

Note that equation (2) shows that 2V — 2 € W. Since 2V € W by assumption
and the fact that W is a linear space it follows that x = 2¥ — (z¥ —x) € W as
desired.

(3 points)
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Solution 2. Define the following linear map
T:W — EOO, (%1,.272, X3, .. ) — (l’l’wl, ToWag, T3Ws, . . . )

It is clear that T is bijective and isometric, i.e., || 72| = [|2||w-
(3 points)

If 2™ is a Cauchy sequence in W, then T'z™ is a Cauchy sequence in £*°. Since (>
is complete there exists y € > such that T2™ — y. Since T ! is also isometric,
and in particular bounded, it follows that 2" — T~ 1y.

(7 points)

Let x = (x1,29,23,...) € £°. Since 0 < wy < 1 for al k£ € N it follows that
|z |wy, < |xg| for all k£ € N which implies that

[]lw = sup [zg[wy, < sup [zx] = |[2]| < o0,
keN keN

which also implies that x € W.
(3 points)

Let ¢ := infgeywy, > 0 and x = (21, 29, x3,...). We have ¢ < wy, for all k € N
so that c|xg| < |zx|wy for all & € N. Taking the supremum gives the inequality
cllz]loe < ||z||lw. Together with part (c) this shows that the norms || - ||w and
| - || are equivalent. This also shows that ||z]|, < oo whenever ||z||w < oo so
that W = ¢*°.

(3 points)

Take z = (1,2,3,4,...), then clearly ||z|w = 1 so that z € W. However,
x ¢ >, which means that the inclusion W C ¢ is strict.
(2 points)

Now take 2" = (1,2,...,n,0,0,...). Clearly, 2" € WN ¢ and

2] oo

=n — 00.
7 {lw

Hence, there exists no constant ¢ > 0 such that c||z||o < ||z||w for all z € £>°.
(1 point)
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Solution of problem 2 (4 4+ 6 + 5 + 5 + 5 = 25 points)

(a)

(b)

We have

170 = sup 1720 g W@NE o o @E

wio [zl azo Iz w20 2]
(4 points)

Since X is infinite-dimensional we can find w € X such that z and w are linearly
independent. If f(z) = 0, then z € ker T. If f(w) = 0, then w € ker 7. If
both f(z) # 0 and f(w) # 0, then xy = f(w)z — f(z)w # 0 (since z and w are
linearly independent) and zy € ker T'. This proves that 0 € 0,(T).

(3 points)

Assume that Tz = Az for some nontrivial z € X, then f(z)z = Az. Therefore,
x = cz for some constant ¢ # 0. This gives

flez)z=Acz =  f(z)z=Xz = A= f(2),

which means that f(z) is an eigenvalue of 7. Hence, 0,(T") = {0, f(2)}.
(3 points)
For n = 1 the statement is obvious. Assume that the statement is true for some

n € N, then
Ty =T"(Tx)

which shows that the statement is also true for n+1. By induction the assertion
is true for all n € N.
(5 points)

(d) Assume that |A| > ||T'|| so that |[|T/A]| < 1. The geometric series gives

(T—-XN"=-

I
|
>l= >
Nk
|
3

RN N
AT )T
11 (&S
:‘X‘ﬁ(; T )T
1 1
TTY TN

(5 points)
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(e) For all A € K\ {0, f(2)} the linear operator

1 1
R EY e

is well-defined and bounded since it is a linear combination of two bounded
operators (namely the identity and 7"). Note that

1
(T —NS\e =TSz — ez = f(Syzx)z+ax+ ——~Tx

A= IC)
and that
F(Shr)e = f< ~Za- mh)
155w )
= 5= 7 (A FN @) + F@)1(2)
_ _%ﬂz)n

which shows that (T'— \)Sy = I. Likewise, it can be shown that S\(7T'—\) = I.
This proves that (T'—\)~! = Sy € B(X) for all A € K\ {0, f(2)}, which implies

that K\ {0, f(2)} C p(T).
(3 points)

On the other hand we already know that {0, f(2)} C o(T) so we actually have

p(T) = KA\ {0, f(2)} and o(T) = {0, f(2)}.
(2 points)
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Solution of problem 3 (5 + 3 + 7 4+ 5 = 20 points)

(a)

Let X be a Banach space and let Y be a normed linear space. Let FF C B(X,Y)
and assume that the set

M={zeX :sup|Tz| < oo}
TeF

is nonmeager. Then the elements T € F' are uniformly bounded:

sup ||T]| < oo.
TeF

(5 points)

Clearly, T}, is linear since () is linear in the first component for fixed y. For each
x € X we have the following inequality

Qey)| _ N,
T —
L@ =0 <l

[l]]-
This implies that 7}, is a bounded linear operator from X to K.
(3 points)

For each fixed y € Y with y # 0 we have the inequality

M,
|T,(z)| = |Q|(|x,||y)| < || |||f|y|| = M, for each z € X.
Yy )

(3 points)
Taking the supremum over y € Y\ {0} gives

sup |1, (z)] < oo for each z € X.
y#0

(2 points)

Since X is a Banach space we can apply the uniform boundedness principle to
the set ' ={T, : y € Y\ {0}} C B(X,K). It follows that

K :=sup ||T,| < oo,
y#0

(2 points)

Finally, for each y # 0 and x € X we have

Q9 _ 7o o)) < 173 ] < Kl

Iyl

or, equivalently,
|Q(z,y)| < Kllz[[lyll
(4 points)

Since Q(x,0) = 0 for all z € X this inequality also holds for y = 0.
(1 point)
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Solution of problem 4 (3 + 7 + 4 4+ 6 = 20 points)

(a) Let X be a normed linear space and V' C X a linear subspace. For each f € V'
there exists F' € X' such that F[V = f and || F|| = || f]]-
(3 points)

(b) Fori=1,...,n define f; : V — K by setting
fi(clel + -+ Cnen) = G-

Clearly, f; : V — K is a linear map. By construction we have f;(e;) = d;;.
(3 points)

On the one hand, we can define the following norm on V:

lcrer + -+ - + cnen|ly = max{|ci|, ..., |cal}
On the other hand, the norm | - || on X is also a norm on V. Since V is
finite-dimensional, the norms || - || and [ - ||y are equivalent on V. In particular,

there exists a constant M > 0 such that |jv]ly < M|v| for all v € V. If
v=ce; + -+ cpep, then

[fi(v)| = leil < max{ledl,..., [enl} = [Jollv < Mol
which shows that f; : V' — K is bounded.
(3 points)

Now apply the Hahn-Banach Theorem to extend the functionals f; to all of X
while preserving their norm.
(1 point)

¢) It is clear that Pe; =e¢; for all j =1,...,n. For any x € X we have
j J
P’z =Y fi(x)Pe; =Y _ fi(x)e; = Px,
i=1 i=1

which shows that P? = P.
(2 points)

We have . .
1Pl < 3 @ el < (Z Hfiuueiu)|r:cu,
=1 i=1

which shows that P is bounded.
(2 points)

(d) (i) ran P is finite-dimensional and hence closed. Since P is bounded ker P is
also closed.
(2 points)

(ii) If z € ker P Nran P, then Px = 0 and z = Py for some y € X. This
implies # = Py = P? = Px = 0. Hence, ker P Nran P C {0}. The
reverse inclusion is trivial.

(2 points)
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(iii) Let z € X be arbitrary, then © = (I — P)z + Pz and since P(I — P)z =
Pxr — P>z = Pz — Px = 0 it follows that z € ker P + ran P. Hence,
X C ker P+ ran P. The reverse inclusion is trivial.
(2 points)
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